P“RINCETON UNIVERSITY PHYSICS COMPETITION

Onsite Test 2016 Directions

The test consists of three problems which you will be given 1.5 hours to complete. No collaboration
is allowed and partial credit will be given for incomplete solutions.

Some useful test-taking hints:
1. You may not be able to complete every problem. Keep moving; do what you know first.
2. Make your answer clear by circling it.
3. Use symbols rather than numbers wherever possible and check units.
4. Whenever possible, check whether an answer or intermediate result makes sense before moving on.

5. If you get stuck on an early part of a problem, check whether you can still do the later parts — some
may be independent and doable.

6. If you get stuck on an early part of a problem, and a later part depends on it, clearly define a symbol
for the unknown answer and use it in later parts. However, keep in mind that we often give multiple
parts to guide you through a problem.

To get full credit you need to show your work! Partial credit will also be awarded at the judges’
discretion.

Good luck!
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Problem 1. A Jelly-Filled Universe (10 points total)
Suppose the Universe is filled with some strange gelatinous substance which produces a pseudo-drag
force. A particle of mass m will experience a braking force (which we will also call the pseudo-drag force)

F = —ka, (1)

where k is some positive constant and a is the particle’s acceleration. For the following questions, assume
the particle moves in one dimension for simplicity.

a) (1 point) Suppose there are no other forces on the particle. Describe the motion of the particle’s
position z(t) for all times ¢ > 0, assuming its initial speed v(0) = vy and initial position z(0) = zo.

b) (1 point) Now suppose the particle experiences a constant external force Fiy > 0 beginning at ¢ = 0.
Describe the motion of the particle’s position z(t) for all times ¢t > 0, assuming its initial speed v(0) = vg
and initial position z(0) = xo.

c¢) (1 point) What is the total work W done on the particle during the time interval 0 < ¢ < T under
this constant applied force? (Include the work done by the applied force and the pseudo-drag force.)

d) (2 points) Describe the physical implication of the pseudo-drag force F' for the particle. In particular,
describe how this pseudo-drag force differs from kinetic friction (a constant braking force) and low-velocity
viscous drag (a braking force proportional to the particle’s speed). Please be as specific as possible in your
explanation.

e) (1 point) Suppose the particle is dropped near the Earth’s surface where there is a gravitational field
strength g. How long does it take (At) for the particle to fall through a height h? (Assume the force of
gravity is mg downward, and does not depend appreciably on the height of the particle above the surface
of the Earth.)

) (2 points) Tt is possible to recover the same result as in part e) for the movement of the particle
by removing the pseudo-drag force F' and replacing g with an effective gravitational field g.g. Find this
effective field for a given value of £ and m. Consider the limits in which m — 0 and m — oco. Do your
answers make sense? Explain.

g) (2 points) In electromagnetism, the Abraham-Lorentz force is a braking force that depends on the

derivative of the particle’s acceleration:

da
Fap =mq_, (2)

where ¢ is some constant and m is the particle’s mass, included for convenience. Including a time-varying
external force Fix(t), the equation of motion is

da(t)

Fext(t) +mg o

= ma(t). (3)

We can integrate this expression to find the solution for a(t),

a(t) = x /t . *F ()t (4)

_mq

Suppose a constant external force Fexi(t) = Fext is turned on at some faraway time ¢t = T > 0 and lasts
for all t > T. What is the acceleration a(t) of the particle for ¢ > 0 according to the solution for a(t) given
above? What is strange about this situation? Please be specific by commenting on any times of interest.



Problem 2. Measuring an Unknown Force Using Friction (8 points total)

Consider a block of mass m moving on a horizontal flat surface with friction under the influence of
gravity. The block is confined to only move in the x direction. The surface has a coefficient of kinetic
friction, u, which is equal to its coefficient of static friction. Imagine a force f(t) is applied to the block in
the +x direction starting at ¢ = 0 and ending at t = T'. Note: f(t) is restricted to be positive and to the
right, but may be 0. Moreover, f(¢) is monotonically increasing.

Fn

Ffm'c — — f(t) &

mg Ground X

Figure 1: Diagram of block on a surface with friction.

You next perform a few experiments. You start the block with some initial velocity vy > 0 moving to
the right at ¢ = 0. Next, f(¢) is applied and, after waiting for some time until ¢ = T', you observe vy, the
final velocity. You repeat the experiment twice to try to determine the form of f(t) with only these two
measurements.

a) (1 point) Before we discuss the results of the experiments, describe in words all forms of f(¢) that
you can think of that produce meaningfully distinct forms of motion for the block. Meaningfully distinct
is up to your own interpretation, but think about what the block does for a few example forces in limiting
cases, and use this information to inform your interpretation of meaningfully distinct. (You may also find
it helpful to do later parts of this problem and come back to part a) if you are stuck.)

b) (1 point) Now we consider a specific form of f(¢) which will have the designation f;(¢). This is just
some specific function, although we will not tell you what it is yet. After performing the experiment twice,
you obtain the following results:

When vg = 0 m/s, vy =0 m/s.
When vg = 3 m/s, vy =2 m/s.

By considering all possible cases of the form of f;(t) that are consistent with the result you obtained above
after your experiment, write down a possible graph of v; with respect to vy (vg on the x axis and vy on
the y axis). This graph describes the resulting v; you would observe if you initialized the box with speed
vo at time ¢t = 0, allowed the box to evolve under the force fi(t), and then observed the final speed v; at
time T'. Recall that vy > 0 by construction in this problem.

¢) (1 point) Someone now changes the form of f(¢) to be something else, call it f2(¢). You perform the
same experiment again, this time obtaining different results. After performing the experiment twice, you
obtain the following results:

When vg = 0 m/s, vy =1 m/s.
When vg =3 m/s, vy =2 m/s.

By considering all possible cases of the form of f(t) that are consistent with the result you obtained above
after your experiment, write down a possible graph of vy with respect to vg (vo on the z axis and vy on
the y axis). Recall that vg > 0 by construction in this problem.

d) (1 point) Someone now changes the form of f(t) to be something else, call it f3(t). You perform the
same experiment again, this time obtaining different results. After performing the experiment twice, you
obtain the following results:



When v = 0 m/s, vy =1 m/s.
When vg = 3 m/s, vy =4 m/s.

By considering all possible cases of the form of f3(t) that are consistent with the result you obtained above
after your experiment, write down a possible graph of v; with respect to vy (vg on the x axis and vy on
the y axis). Recall that vg > 0 by construction in this problem.

e) (1 point) Are the graphs you drew for parts b), ¢), and d) the unique possible graphs consistent with
the experimental data? Explain why or why not.

f) (2 points) Write down 3 possible graphs of f1(t), f2(t), and f3(t) with f(¢) on the y axis and ¢ on the
x axis. For each axis, you should label one point (for example the place where ¢t = T') using a combination
of parameters given in the problem. This one point determines the scale of forces and time on which you
draw the function f(t). You should draw each f(¢) as a monotonically increasing line for simplicity in
grading, although in principle f(t) could be some other function.

g) (1 point) What is the optimal set of two vy to measure in order to precisely determine the graph of
v(vg)? Describe why.



Problem 3. Magnetic Monopoles and Charge (Hard) (12 points total)

Consider a cylindrical coordinate system with coordinates z, 8, and ¢ fixed to the end of a very long
solenoid as shown in the figure below. The origin of the coordinate system is on the axis of the cylinder and
at the end of the solenoid. The solenoid’s diameter is D, a current of intensity I traverses the solenoid’s
coils, and the number of coils per unit length is n.

At an ezternal point near the top end of the solenoid, having position vector 7 (where the modulus, or
magnitude, of the position vector |F| = r is much smaller than the length of the solenoid but r» >> D), the
magnetic field vector can be expressed, approximately, as

—

B(f) ~ A6, (5)

o}
(The notation €, means a vector of unit length pointing in the direction of 7 from the origin of the coordinate
system, which is defined in the figure below.) This magnetic field is similar to the magnetic field generated
by a magnetic monopole, as is described below.

Figure 2: An infinitely long solenoid and a cylindrical coordinate system.

For your reference, we will now provide a few formulas from electricity and magnetism which may be
useful in completing this problem:

F =q(@xB) — Force on a moving charge with velocity ¥ in a magnetic field B (6)
- 1
E = 4—%6} — Electric field generated by a charge ¢, an electric monopole (7)
TEQ T
B = Z—Om—ge} Magnetic field that would be generated by a magnetic monopole my (8)
T

po=gqd — Electric dipole caused by charges g and (—q) that are separated by d (9)

—,

pm =1-(A) — Magnetic dipole of a loop of current I with area vector A (10)

You may also find it useful to know that an electric dipole p' = qcf can be thought of as two electric
monopoles (charged particles) of opposite charge that are separated by a distance d. Hypothetically it
would be possible to construct an analogous magnetic dipole from two magnetic monopoles as py, = mod_;
which may be useful in answering part a). One further note: the area vector of a loop of current is in the
direction perpendicular to the loop. For example, it is in the positive z direction in the figure above for a
loop in the solenoid, and has a magnitude which is the area of the loop.

a) (2 points) Determine the value of A in the equation for the magnetic field as a function of D, I, n,
and universal constants.



Consider a particle of mass m and charge ) moving around the top end of the solenoid. We will assume
that the equation for the strength of the magnetic field, Eq. (5), holds true. Neglect the effects of gravity
in this problem. Also note that there are no electric field forces on the particle because the solenoid only
produces magnetic field. The angular momentum L = mi x @ of the charged particle is not conserved
during its motion, however the vector J defined by

J=1L+Cé (11)
is conserved (C' is a constant).

b) (2 points) Find C' as a function of @, A, and universal constants. Hint: The following formula might
be useful: @ x (bx¢) =b(a-¢)—c(d-b)

The vector J can be viewed as the sum of the angular momentum of the particle and the electromagnetic
field. Thus, J is the total angular momentum of the system formed by the particle and the electromagnetic
field. According to Quantum Mechanics, the projection of this total angular momentum vector on an
arbitrary direction (for example the direction of €,) is quantized as a multiple of i/2 (A is simply a number
from Quantum Mechanics, the reduced Planck constant). For a fixed magnetic monopole strength mg, the
quantization condition J-é = h/2 is a constraint on the relationship between the particle charge @ and
my.

c¢) (2 points) Find the relationship between the strength of an ideal magnetic monopole, mg, which
produces the same magnetic field as in Eq. (5) and the charge @ of a particle orbiting that ideal monopole.
Express this result as a function of universal constants. Note that, if such an ideal magnetic monopole
existed (not just the approximate magnetic monopole field produced by the long solenoid), this relationship
implies that the charge of the particle must be quantized. Indeed, in 1931, Paul Dirac similarly showed
that if there were at least one magnetic monopole in the universe, this would explain the quantization of
electric charge. (For this problem, if you did not answer part b) or part a), so that you do not know X or
C, you may assume C' = yQmyg for a proportionality constant -, the charge @), and magnetic monopole
strength mg. Leave the value of the constant  in your answer.)

We will now return to exploring the motion of the charged particle in the magnetic field of Eq. (5). It
can be proved that the particle moves on a path that lies on a conical surface. The vertex of the cone is
the origin of the coordinate system we defined above.

d) (2 points) Find the angle § of the cone (the angle of the opening of the tip of the cone) as a function
of the magnitude of the initial angular momentum, Ly, as well as @ and A. (Again, if you have not found
C' above, you may treat it as given for this part of the problem and express your answer in terms of C'.)

Assume the particle initially is on the z axis, at height rg, and has initial velocity vy which is oriented
at an angle ag < 4 with respect to the negative z axis. (Therefore, its initial velocity component in the

negative z direction is vy cos(ap).)

e) (2 points) Find the minimum distance r,,;, between the particle and the origin of the coordinate
system as a function of rg and ag.

) (2 points) Find the time 7 it takes the particle to go from r¢ to 7, as a function of rg, ag, and vy.



